Let FΘ = U/KΘ be a generalized flag manifold, where KΘ is the centralizer of a torus in U . We study U -invariant almost Hermitian structures on FΘ. The classification of these structures are naturally related with the system Rt of t-roots associated to FΘ. We introduced the notion of connectedness by triples zero sum in a general set of linear functional and proved that t-roots are connected by triples zero sum. Using this property, the invariant G1 structures on FΘ are completely classified. We also study the Kähler form and classified the invariant quasi Kähler structures on FΘ, in terms of t-roots.
Introduction
An almost Hermitian manifold is a differentiable manifold of even dimension M endowed with a almost complex structure J and a Riemannian metric g(·, ·) such that g(JX, JY ) = g(X, Y ), for all X, Y ∈ X(M ). Let Ω(X, Y ) = g(JX, Y ) be the Kähler form and ∇ the Riemannian connection. The pair (g, J) is a Kähler structure on M if J is integrable and the associated Kähler form is closed (i.e. dΩ = 0) or equivalently ∇J = 0. According to [Gray-Hervella] [Gray] ). It is usual to denotes these structures by QK, NK, AK and SK, respectively. Hervella and Vidal, found in [Vidal-Hervella] a new pre-Käherian structures, which they called by G 1 structures. The pair (g, J) is a G 1 structure if it satisfies g(N (X, Y ), X) = 0, where N (X, Y ) denotes the Nijenhuis tensor of the structure J. They also proved that any polynomial of the form 1, with A i ∈ R, gives a known pre-Kählerian structure or the G 1 structures.
The G 1 structures have an interested property: Let ϕ : (M, g, J) −→ (M 0 , g 0 , J 0 ) be a conformal diffeomorphism, where J 0 X 0 = (JX) 0 . Then SK, NK and AK are not conserved by ϕ, (see [Gray] ). On the other hand, G 1 structures are conformally invariant, (cf. [F-H] ).
Let G be a complex simple Lie group with Lie algebra g and P Θ a parabolic subgroup of G, a generalized flag manifold (or simply flag manifold) is the homogeneous space F Θ = G/P Θ . If U is a compact real form of G, then F Θ = U/K Θ , where K Θ is the centralizer of a torus in U . We denote by u and k Θ the Lie algebra of U and K Θ respectively. We study U -invariant almost Hermitian structures on flag manifolds F Θ . Such structures consists of a pair (g, J) where g is a U -invariant Riemannian metric and J is a U -invariant almost complex structure on F Θ , which is compatible with the metric g. It is well known that for each invariant complex structure J on F Θ , there exist a unique, up to homotheties, invariant metric g such that the pair is (g, J) is a Kähler structure and g is an Einstein metric (see [B-H] ; [Be] 8.95).
In [Gray-Hervella] , all almost Hermitian structures were classified into sixteen classes. In the case of flag manifolds some of these classes coincide, for example, in [SM-N] San Martin-Negreiros proved that for most of full flag manifolds the sixteen classes of Gray-Hervella reduce to three classes: Kähler (K), Quasi Kähler -QK (or (1,2)-symplectic) and G 1 structures (or W 1 ⊕ W 3 ⊕ W 4 ). Besides they proved that the only exception is the full flag of type A 2 , where there exist an invariant almost Hermitian structure nearly Kähler which is not Kähler. Thus, in the case of full flag manifolds, they got a positive answer for the Wolf-Gray conjecture, which is: Let U/K be a homogeneous space of a compact Lie group U which is not Hermitian symmetric and such that the isotropy K has maximal rank. Then there are invariant almost Hermitian structures on U/K which are nearly Kähler but not Kähler if and only if the isotropy subalgebra is the fixed point set of an autormorphism of order three, (cf. [Wolf-Gray] ). This conjecture was also proved for generalized flag manifolds in [SM-S] .
Concerning the three classes of invariant almost Hermitian structures on flag manifolds, the Kähler structures on flag manifolds were extensively studied by several authors (see for example [Alek-Perol] and [Be] p.224), class (1,2)-symplectic was completed classified and well understood in [SM-N] . In this paper we obtain classify completely and obtain a well understood of G 1 structures on flag manifolds F Θ .
An important invariant of a flag manifold F Θ is the system of t-roots R t , which is a set of linear functional defined as restriction of the root system R of g to real form t of the center Z(k C Θ ) of the complexification of the subalgebra k Θ . The system of t-roots R t provides a unique decomposition of tangent space T o F Θ = m 1 ⊕ · · · ⊕ m s into irreducible and inequivalent ad(k Θ )-submodules ( [Sie] ). Thus all G-invariant tensor on F Θ can be described by means of t-roots. For example, any invariant almost complex structure J on a flag manifold F Θ is determined by a set of signs {ε δ = ±1, δ ∈ R t }, satisfying −ε δ = ε −δ , (see Proposition 5.1) and any invariant metric g on F Θ has the form g(·, ·) = −λ 1 B(·, ·)| m1×m1 − · · ·− λ s B(·, ·)| ms×ms , where B(·, ·) denotes the Killing form of g. Thus the definition condition of any class from the sixteen classes of GrayHervella reduces to a algebraic expression depending on the parameters λ δ and ε δ .
We define the term connected by triple zero sum for a general set of linear functional, which for the system of t-roots R t can be state as following: we say that two t-roots η, δ ∈ R t , η = ±δ, are connected by triples zero sum (tzs) if there exists a chain of triples
The key of our study on G 1 -structures on F Θ is the following property we prove: For any flag manifold the associated system R t of t-roots is connected by tzs, i.e., any two (non symmetric) t-roots in R t can be connected by tzs (see Theorem 4.1). Using this result we prove, in section 10, that the metric induced by the Killing form on F Θ (the normal metric) is the unique invariant metric on F Θ which is a G ∞ structure with respect to any invariant almost complex structure (see Theorem 7.6). We think that the notion of connectedness by tzs can be very useful for the study of others invariants geometric aspect on flag manifolds.
In section 2 we give the description of flag manifold as complex and real homogeneous spaces using Lie theory. In section 3 we introduce the notion of connection by triples zero sum for roots of the system root R of g and proved that in any irreducible root system, any two roots are connected by tzs. This section is a preparation to investigate the connection by tzs in t-roots.
In section 6 we study the invariant almost complex structures (abbreviated by iacs) on F Θ . We get a description of iacs on flag manifolds in terms of t-roots, which extends the similar result in [SM-N] and [SM-S] . As a consequence of this we obtain that every iacs J on a isotropy irreducible flag manifold is integrable. We also give an example of a iacs on a flag manifold with two isotropy summand which is not integrable.
In section 9 we present a study of the Kähler form Ω on F Θ associated to the structure (g, J), which extends the results obtained for full flag manifolds obtained in [SM-N] . In particular, we obtain that classes almost Kähler and Kähler coincide on F Θ .
In the last section we show how two structures (g, J) and (g 0 , J 0 ) can be equivalent by means of the action of the Weyl group of G on these structures. Equivalence here means that (g, J) and (g 0 , J 0 ) are associated by a bi-homorphic map F Θ −→ F Θ . Thus equivalent structures share the same class of invariant almost Hermitian structures.
Flag manifolds
In this section we set up our notation and present the standard theory of partial (or generalized) flag manifolds associated with semisimple Lie algebras (see for example [SM-N] for similar description).
Let g be a finite-dimensional semisimple complex Lie algebra and G a Lie group with Lie algebra g. Consider a Cartan subalgebra h of g. We denote by R the system of roots of (g, h). A root α ∈ R is a linear functional on g. It determines uniquely an element H α ∈ h by the Riesz representation α(X) = B(X, H α ), X ∈ g, with respect to the Killing form B(·, ·) of g. The Lie algebra g has the following decomposition
where g α is the one-dimensional root space corresponding to α. Besides the eigenvectors E α ∈ g α satisfy the following equation
We fix a system Σ of simple roots of R and denote by R + and R − the corresponding set of positive and negative roots, respectively. Let Θ ⊂ Σ be a subset, define
We denote by R M := R \ R Θ the complementary set of roots. In general, R M is not a root system.
Example 2.1. In the Lie algebras
and it is not a root system.
Recall that R is irreducible if and only if R (or, equivalently, Σ) cannot be partitioned into two proper, orthogonal subsets (see [Hph] ). Equivalently, R is irreducible iff the Dynkin diagram of Σ is connected. From the classification of the connected Dynkin diagrams, if g is a simple Lie algebra then its root system R is irreducible.
Lemma 2.2. Let R be a irreducible root system with a simple root system Σ. Let Θ ⊂ Σ be a subset such that Σ − Θ = ∆ 1 ∪ ∆ 2 is decomposed into two proper, orthogonal subsets, ∆ 1 and ∆ 2 . Then there exists a root β ∈ R M of the form
where α i ∈ ∆ i , i = 1, 2, and φ ∈ R Θ .
Proof. Since the Dynkin diagram of Σ is connected, there exists α i ∈ ∆ i , (i = 1, 2) which (α 1 , φ 1 ) = 0 and (α 2 , φ k ) = 0 for some
, φ 1 and φ k are simple roots (see [Hph] , Lemma 9.4). From the connectedness of the Dynkin diagram of Θ we can see that there exist φ 2 , φ k−1 ∈ Θ which satisfy (φ 1 , φ 2 ) < 0 and (α 1 , φ 2 ) = 0 then (α 1 + φ 1 , φ 2 ) < 0 and
Continuing with this process we obtain φ 3 , . . . , φ k−2 ∈ Θ such that
Next we discuss the flag manifolds as homogeneous spaces. Note that
is a parabolic subalgebra, since it contains the Borel subalgebra b
The partial flag manifold determined by the choice Θ ⊂ R is the homogeneous space F Θ = G/P Θ , where P Θ is the normalizer of p Θ in G. In the special case Θ = ∅, we obtain the full (or maximal) flag manifold F = G/B associated with R, where B is the normalizer of the Borel subalgebra b
Now we will see the construction of any flag manifold as the quotient U/K Θ of a semisimple compact Lie group U ⊂ G modulo the centralizer K Θ of a torus in U . We fix once and for all a Weyl base of g which amounts to giving X α ∈ g α , H α ∈ h with α ∈ R, with the standard properties:
The real constants n α,β are non-zero if and only if α + β ∈ R. Besides that it satisfies
We consider the following two-dimensional real spaces u α = span R {A α , iS α }, where A α = X α − X −α and S α = X α + X −α , with α ∈ R + . Then the real Lie algebra u = ih R ⊕ u α , with α ∈ R + , is a compact real form of g, where h R denotes the real space vector spanned by {H α ; α ∈ R}.
Let U = exp u be the compact real form of G corresponding to u. By the restriction of the action of G on F Θ , we can see that U acts transitively on F Θ , then F Θ = U/K Θ , where K Θ = P Θ ∩ U . The Lie algebra k Θ of K Θ is the set of fixed points of the conjugation τ :
The tangent space of F Θ = U/K Θ at the origin o = eK Θ can be identified with the orthogonal complement (with respect to the Killing form) of k Θ in u
It is known that there is a one-to-one correspondence between flag manifolds F Θ of a compact semisimple Lie group (up to isomorphism) and painted Dynkin diagrams (up to equivalence) (cf. [Alek-Perol] or [Arv] ). Next we present a briefly description of this correspondence.
Two flag manifolds F = G/K and (2)) corresponds to the painted diagram
Note that maximal flag manifolds correspond to Dynkin diagrams with all roots painted in black. Conversely, let Γ be the Dynkin diagram of a semisimple Lie algebra g. Suppose that some nodes in Γ are painted in black. Then
where the semisimple part of k Θ , denoted by k ′ Θ , is yielded by the set of white nodes together with the connected line between them, and each black nodes in Γ yields a u(1) component.
Example 2.4. The painted Dynkin diagram of the Lie algebra e 8 below corresponds to the flag manifold
.
Connectedness by triples zero sum
In this section we define connectedness by triples zero sum for a general set of linear functional. In the case of root system we prove that this property is equivalenty to the connectedness of the Dynkin diagram. We will show that the study of this notion on certain sets of linear functional is the key for a complete classification of G 1 structures on F Θ . Definition 3.1. Let Γ be a non empty set of linear functional. Two linear functinal α, β in Γ such that α = ±β are connected by triples zero sum (in Γ), if there exists a chain of triples
We will say that Γ is connected by triples zero sum (or connected by tzs) if any pair α, β ∈ Γ are connected by triples zero sum.
If we adopt that each linear functional α ∈ Γ is connected by tzs with itself, then connectedness by tzs becomes a equivalence relation in set of linear functional Γ.
Example 3.2. Consider the Lie algebras of type A 5 . Its Dynkin diagram is given by
If Γ is the set of roots generated by α 1 , α 3 and α 4 then Γ is not connected by tzs.
Lemma 3.3. All irreducible root system is connected by tzs.
Proof. Let R be a irreducible root system with basis Σ = {α 1 , . . . , α n } and consider the correspondent set R + of positive roots. Since R is irreducible, (α 1 , α j ) = 0 for some 2 ≤ j ≤ n. For simplicity, let (α 1 , α 2 ) = 0. The roots α 1 , α 2 are simple then (α 1 , α 2 ) < 0 and α 1 + α 2 ∈ R ( see [Hph] , Lemma 9.4). Then α 1 and α 2 are connected by the triple zero sum {α 1 , α 2 , −(α 1 + α 2 )}. Applying the same idea to α 2 , we conclude that α 2 and α 3 are connected by the tzs {α 2 , α 3 , −(α 2 + α 3 )}. (If (α 2 , α j ) = 0 for 3 ≤ j ≤ n then (α 1 , α j ) = 0 for some 3 ≤ j ≤ n.) Thus α 1 and α 3 are connected by the triple zero sum. Continuing with this process we obtain that any pair α i , α j are connected by the tzs. Now let β ∈ R not simple. It is easy to see that β ± α i ∈ R for some simple root α i . Then β and α i are connected by tzs. Thus every root in R is connected by triple zero sum to some simple root and any pair of simple roots are connected by tzs, so any pair of roots β, γ ∈ R are connected by tzs.
If the Dynkin diagram of R is not connected then R cannot be connected by tzs. Since a root system R is irreducible if and only if its Dynkin diagram is connected, we obtain: Theorem 3.4. The Dynkin diagram of R is connected iff R is connected by tzs. In particular, the Dynkin diagram of semisimple Lie algebras are connected by tzs.
t-roots
In order, to describe invariant tensors and to set the notation, we present the fundamental theory on the isotropy representation for flag manifolds (see, for example, [Alek-Perol] or [Sie] ).
It is known that F Θ is a reductive homogeneous space, this means that the adjoint representation of k Θ (and K Θ ) leaves m invariant, i.e. ad(k Θ )m ⊂ m. Thus we can decompose m into a sum of irreducible ad(k Θ ) submodules m i of the module m:
Now we will see how to obtain each irreducible ad(k Θ ) submodules m i . By complexifying the Lie algebra of K Θ we obtain k
The adjoint representation ad(k
It is easy to see that t is a subalgebra of ih R orthogonal (with respect to the Killing form on ih R ) to H α , for all α in R Θ , i.e., t = {H ∈ ih R : α(H) = 0, for all α ∈ R Θ }.
Let ih * R and t * be the dual vector space of ih R and t, respectively, and consider the map k :
) the set of positive t-roots. Note that the map k is not a 1-1 correspondence in general.
A basis of real space t * can be obtained as following: we fix a basis Σ = {α 1 , . . . α k , β 1 , . . . , β r } of R associated to F Θ where Θ = {α 1 , . . . α k } is a basis of R Θ and Σ M = Σ \ Θ = {β 1 , . . . , β r } . Letβ 1 , . . . ,β r be the fundamental weights corresponding to the simple roots of Σ M , defined by
where (α, β) = B(H α , H β ). Then {β 1 , . . . ,β r } is a basis of t * . Indeed, let λ in t * be a t-root, since the Killing form (·, ·) on ih R is non degenerated and negative definite, each t-root λ determines H λ ∈ t ⊂ ih R , such that β(H λ ) = (λ, β), for each root β in R, by the Riez representation. Then 0 = α i (H λ ) = (λ, α i ), for i = 1, . . . , k. Now let m j = λ, β j then 0 = λ − m jβj , γ , for each simple root γ ∈ Σ, which implies that (λ − m jβj , γ) = 0 as well, or that λ = m jβj .
According to [Sie] , there exists a 1-1 correspondence between positive t-roots and irreducible submodules of the adjoint representation of k Θ . This correspondence is given by where R + t = {ξ 1 , . . . , ξ s }. Following the idea of section 3, it is natural to ask if R t is connected by tzs. It is easy to see that if R M is connected by tzs then R t is connected by tzs. But the reciprocal is not true, as we can see in example 2.1, where R t = {k(α 1 )} and R M = {±α 1 , ±(α 1 + α 2 ), ±(α 1 + α 2 + α 3 )}. The next result shows that R t inherits the connectivity property by tzs from the root system R.
Theorem 4.1. The set of t-roots R t is connected by tzs.
Proof. Consider the Dynkin diagram of Σ. Let N be the amount of connected components of the Dynkin diagram of Σ − Θ. We will prove by mathematical induction on N . If N = 1 then the diagram of Σ − Θ is connected, following the idea of Lemma 3.3 proof, we can see that if α, β ∈ Σ− Θ then α and β are connected by tzs. Besides γ ∈ R M is not a simple root then γ is connected by tzs to some α ∈ Σ − Θ. Thus any pair of roots in R M is connected by tzs. Then R t is connected by tzs. Now suppose that
where each connected component of the Dynkin diagram of Σ − Θ corresponds to the Dynkin diagram ∆ i , for some i = 1, . . . , k + 1. From Lemma 2.2, there exist a complementary root β ∈ R M such that β = α 1 + φ + α 2 , with α 1 ∈ ∆ k , α 2 ∈ ∆ k+1 and φ ∈ R Θ . Then the correspondent t-root is k(β) = k(α 1 ) + k(α 2 ) and ∆ k and ∆ k+1 are connected by tzs, where ∆ i denotes the t-roots generated by k(∆ i ). By induction hypothesis,
is connected by tzs.
Invariant Almost Hermitian Structures on F Θ
An almost complex structure on F Θ = U/K Θ is a tensor field of type (1, 1) that corresponds each x ∈ F Θ to a linear endomorphism J x : T x F Θ → T x F Θ which satisfies J 2 x = −Id. The almost complex structure on
for all u ∈ U . An invariant almost complex structure (iacs from now) is determined by a linear endomorphism J : m −→m, which satisfies J 2 = −Id and commutes with the adjoint action of K Θ on u, that is,
As it is common in the literature, we will use the same letter J to denote its extension to the complexification m C . Since J 2 = −Id, its eigenvalues are i and −i and the correspondents eigenspaces are denoted by T
(1,0) o
The eigenvectors with eigenvalue +i (resp. −i) are called of type (1,0) (resp. of type (0,1) ).
The next result is known for maximal flag manifolds (see [SM-N])
. A similar result for generalized flag manifolds can be found in [SM-S]. Our work here is to classify iacs in terms of t-roots.
Proposition 5.1. Let F Θ be a generalized flag manifold and R t the correspondent set of t-roots. Then any iacs J on F Θ is determined by a set of signals {ε δ , δ ∈ R t }, where ε δ = ±1, satisfying ε δ = −ε −δ for all δ ∈ R t . In particular, there exist 2 |R + t | iacs on F Θ and each iacs J is determined by exactly |R + t | signals.
Proof. Let J be an iacs on F Θ and consider its complexification on m C . By the invariance of
Since the eigenvalues of J are ±i and the eigenvectors in m C are X α , α ∈ R, we can write JX α = iε α X α , with ε α = ±1. Computing J on the basis {A α , iS α } of the real vector space m and using that
thus, using A α = −A −α and iS α = iS −α it follows
Now consider the decomposition of the complex tangent space
in irreducible and inequivalent k C Θ -submodules determined by the t-roots δ 1 , −δ 1 , . . . , −δ s , δ s , where
Finally, given a t-root δ we obtain
where α is any root in R such that k(α) = δ.
An iacs J on F Θ is called an invariant complex structure (or integrable complex struture) if its Nijenhuis tensor, defined by
is zero, (cf. [Kob] ). In the next result we obtain the necessary and suficient condition of integrability of J in terms of t-roots.
Proposition 5.2. An iacs J = {ε δ , δ ∈ R t } is a complex structure if and only if ε δ ε η + 1 − ε δ+η (ε δ + ε η ) = 0, whenever δ + η ∈ R t .
Proof. An easy computation of Nijenhuis tensor on the Weyl base shows that
Now if k(α) = δ ∈ R t and k(β) = η ∈ R t then ε α = ε δ , ε β = ε η and ε α+β = ε δ+η , if α + β ∈ R M . Note that if α, β ∈ R M are such that α + β ∈ R Θ then N (X α , X β ) = 0.
Corollary 5.3. Every iacs J on a isotropy irreducible flag manifold F Θ , i.e. |R + t | = 1, is an invariant complex structure.
The next example shows that if |R + t | ≥ 2 it is easy to construct a iacs J not complex.
Example 5.4. Let F Θ be a flag manifold with two isotropy summands, i.e. the real tangent space decomposes into two irreducible submodules m = m 1 ⊕ m 2 . In this case R t = {±δ, ±2δ}, where δ ∈ t * \ 0, (cf. [G-N-S]). Using the Proposition 5.2 it is easy to see that the iacs given by J : ε 2δ = 1, ε δ = −1 is not complex.
In the other hand, there is natural manner to obtain invariant complex structures on F Θ , as below. Consider the space t with the collection of hyperplanes Γ = {H ∈ t : δ(H) = 0, δ ∈ R t }. The complementary set t \ Γ of the union of these hyperplanes is open and dense in t. Its connected components in t are called a chamber in t or a t-chamber. Each t-chamber is a cone in t which is given by the inequalities V = {δ 1 > 0, . . . , δ m > 0}, where δ i are t-roots corresponding to its faces.
A subset Σ t = {δ 1 , . . . , δ n } of t-roots is called a basis of system R t if all vectors of R t have integer coordinates of same sign (≥ 0 or ≤ 0) with respect to Σ t . Note that the basis given in Section 4 is a basis of system R t .
From [Alek-Perol] and [B-H] it is known that there exists natural one-to-one correspondence between:
1. Parabolic subalgebras p Θ in g with reductive part h ⊕ α∈RΘ g α ;
2. Basis Σ of the root system R which contain a fixed basis Θ of the root system R Θ ; 3. Basis of system R t ; 4. t-chambers; [Arv] ). 6. Invariant complex structures on F Θ , which are determined by
A choice of positive roots
7. Reflections ω of the Weyl group (of the root system R) which satisfy ωΘ ⊂ Σ.
Now we describe the invariant metrics on flag manifolds. A Riemannian invariant metric on F Θ is completely determined by a real inner product g (·, ·) on m = T o F Θ which is invariant by the adjoint action of k Θ . Besides that any real inner product ad(k Θ )-invariant on m has the form
where m i = m ξi and λ i = λ ξi > 0 with ξ i ∈ R + t , for i = 1, . . . , s. So any invariant Riemannian metric on F Θ is determined by |R + t | positive parameters. We will call an inner product defined by (6) as an invariant metric on F Θ .
An invariant metric g(·, ·) is called normal if there exist a bi-invariant metric on g such that the restriction to m = k ⊥ is g(·, ·). In other words, g(·, ·) is a normal metric is
Let F Θ be a flag manifold endowed an invariant metric g and an almost complex structute J. Computing g(JX, JY ) for the Weyl basis chosen it is easy to see that g is almost Hermitian with respect to J, i.e, g(JX, JY ) = g(X, Y ). The pair (g, J) is called an invariant almost Hermitian structure on F Θ .
Kähler form
Consider an invariant almost Hermitian structure (g, J) on a flag manifold F Θ . We denote by Ω = Ω J,g the correspondent Kähler form:
We also denote by Ω, its natural extension to a G-invariant 2-form on m C . On the Weyl basis Ω is given by
where k(α), k(β) are the correspondents t-roots to α and β respectively. Then from decomposition
in k C -irreducible and inequivalent submodules we obtain
for X, Y, Z ∈ m C (cf. [Kob], 3.11 ). An easy computation on Weyl basis obtained in [SM-N] shows that if
The exterior differential dΩ has a similar look in terms of t-roots. To prove it we need the following result.
Lemma 6.1. ( [Alek-Arv] , Lemma 4) Let ξ, η, ζ be t-roots such that ξ + η + ζ = 0. Then there exist roots α, β, γ ∈ R M with k(α) = ξ, k(β) = η, k(γ) = ζ, satisfying α + β + γ = 0. Proposition 6.2. Let δ, ζ, η be t-roots then dΩ(m
where r is a non zero constant and X, Y, Z are vectors in m Proof. If δ, ζ, η are not tzs on R t it is easy to see that dΩ(m
On the other hand, if δ, ζ, η are tzs on R t let α, β, γ be roots in R M with k(α) = δ, k(β) = ζ and k(γ) = η, satisfying α + β + γ = 0, according to the previous Lemma. Thus, from the description of invariant metrics and iacs, we obtain: 
where the sums is taken over all roots α, β and γ in R M such that k(α) = δ, k(β) = ζ and k(γ) = η satisfying α + β + γ = 0. Then, using the linearity of the exterior differential
where r = α,β,γ a α b β c γ n α,β . Note that r is not zero because α + β is a root.
Definition 6.3. Let J = {ε δ , δ ∈ R t } be an iacs on F Θ . Let {δ, ζ, η} be a tzs of t-roots. The triple {δ, ζ, η} is said to be Proof. Let {δ, ζ, η} be a tzs of t-roots and {α, β, γ} a correspondent tzs in R, such that k(α) = δ, k(β) = ζ and k(γ) = η. Two of the roots {α, β, γ} are positive and the other is negative or two is negative and the other is positive, with respect to the choice of positive roots R + M associated to J. Then, from (5), the triple {ε α , ε β , ε γ } has different signals. From Proposition 5.1, ε α = ε δ , ε β = ε ζ , ε γ = ε η , then {δ, ζ, η} is a (1,2)-triple of t-roots.
On the other hand, if J has no (0,3)-triple of t-roots then from Proposition 5.2 it is clear that J is a complex structure. The next result classify the quasi Kähler class on flag manifolds in terms of t-roots.
Proposition 6.6. An invariant almost Hermitian structure (J = {ε δ } , g = {λ δ }), δ ∈ R t , on F Θ is (1, 2)-sympletic if and only if
for every (1, 2)-triple of t-roots {δ, ζ, η}.
Proof. Consider a (1, 2)-triple of t-roots {δ, ζ, η} and let α, β and γ in R M such that α + β + γ = 0 and
Since n α,β = 0 if α + β + γ = 0, we get (9).
An almost Hermitian manifold is said to be almost Kähler if Ω is sympletic, i.e., dΩ = 0. When dΩ = 0 and J is integrable the manifold is said to be Kähler, (cf. [Kob] Proof. Note that the a pair (g, J) almost Kähler do not admits (0, 3)-triples of t-roots. Because in this case, from (10), we would have the following equation
that is impossible since λ δ , λ ζ , λ η > 0. Thus the iacs J admits only (1, 2)-triples of t-roots and in this case, from Lemma 6.5, J is integrable and the pair (g, J) is Kähler.
Of course if the pair (g, J) is Kähler then it is almost Kähler.
G 1 structures
An invariant almost Hermitian structure (g, J) on F Θ is called a G 1 structure (or W 1 ⊕W 3 ⊕W 4 ), according the sixteen classes in [Gray-Hervella] 
It is clear that if J is a complex structure, i.e. N (X, Y ) = 0, then (g, J) is a G 1 structure for any invariant metric g on F Θ . Theorem 7.1. Fixed a choice of positive roots R + M in R M , the correspondent complex structure J on F Θ is a G 1 structure with respect to all invariant metric g on F Θ . Corollary 7.2. If F Θ is isotropy irreducible, then any invariant pair (g, J) is a G 1 structure.
Proof. Follows from Corollary 5.3 and the previous Theorem. Now we study the annihilation of the tensor g(N (X, Y ), X) taking in account the vector roots from the Weyl basis. From (4), if α, β, γ are roots in R M it easy to see that
in particular g(N (X α , X β ), X α ) = 0, for α, β ∈ R M . Using similar arguments of [SM-N] , in the next result we obtain a classification of G 1 structures in terms of t-roots. Proof. Let {δ, ζ, η} is a tzs of t-roots and α, β, γ ∈ R M a tzs of roots such that k(α) = δ, k(β) = ζ and k(γ) = η. Note that − 1 2 {g(N (X α , X β ), X γ ) + g(N (X γ , X β ), X α )} = n α,β (λ γ − λ α )(ε α ε β + ε α ε γ + ε β ε γ + 1) = n α,β (λ η − λ δ )(ε δ ε ζ + ε δ ε η + ε ζ ε η + 1)
where in first equality we used that n α,β = −n γ,β if α + β + γ = 0. Now we note that (ε δ ε ζ + ε δ ε η + ε ζ ε η + 1) is not zero if and only if {δ, ζ, η} is a (0,3)-triple of t-roots. Thus if (g, J) is a G 1 structure then λ η = λ δ . Analogously one proves that λ ζ = λ δ . Reciprocally, for X = α a α X α with α ∈ R M , we obtain:
Then, from (12), g(N (X, X β ), X) = 0 if λ δ = λ ζ = λ η when {δ, ζ, η} is a (0,3)-triple of t-roots.
As we saw, given a complex structure J on F Θ , for any invariant metric g, the pair (g, J) is a G 1 structure. Thus fixed any invariant metric g on F Θ , the G 1 structures (g, J) are in correspondence one-to-one with: parabolic subalgebras p Θ in g; basis Σ of the root system R which contain a fixed basis Θ of the root system R Θ ; basis of system R t ; t-chambers; a choice of positive roots R + M in R M and reflections ω of the Weyl group (of the root system R) which satisfy ωΘ ⊂ Σ, according to Section 5.
Let J = {ε δ , δ ∈ R t } be an iacs on F Θ and denote by C(J) the subset of t-roots δ such that there exist (0, 3)-triple of t-roots {δ, ζ, η} containing δ.
Proposition 7.4. Given an iacs J on F Θ , a pair (g, J) is a G 1 struture if and only if g = {λ δ } is constant on C(J).
Proof. Follows immediately from Lemma 7.3.
Analogously, let g = {λ δ , δ ∈ R t } be an invariant metric on F Θ and denote by C(g) the subset of t-roots δ such that there exist tzs {δ, ζ, η} of t-roots containing δ and satisfying λ δ = λ ζ = λ η . Proposition 7.5. A pair (g, J) is a G 1 structure on F Θ if and only if C(J) ⊂ C(g).
Proof. Suppose that (g, J) is a G 1 structure and C(g) = ∅. Then J has no (0, 3)-triple of t-roots, from Lemma 7.3. Thus C(J) = ∅ or J is a invariant complex structure. Now let (g, J) be a G 1 structure such that C(J) = ∅ and let δ be a t-root in C(J). Then there exist a (0, 3)-triple {δ, ζ, η} of t-roots containing δ. From Lemma 7.3, the metric g satisfies λ δ = λ ζ = λ η , so δ is a t-root in C(g) and C(J) ⊂ C(g).
Finally, if C(J) ⊂ C(g) follows imediately from Lemma 7.3 that (g, J) is a G 1 structure on F Θ .
As we saw in Theorem 7.1, any invariant complex structure J provides a G 1 structure with respect to all invariant metric on F Θ . Thus a natural question is: Is there an invariant metric g 0 on F Θ such that (g 0 , J) is a G 1 structure for any iacs on F Θ ? The next result shows that, up to homotheties, there exists a unique invariant metric g which is G 1 structure with respect to every iacs J on F Θ . Theorem 7.6. The normal metric is the unique invariant metric which is a G 1 structure on F Θ with respect to any iacs J.
